This paper applies techniques from the theory of Toeplitz operators to active management of bond portfolios. It shows how to compute the optimal portfolio allocation using Winer-Hopf factorization and how to check whether a collection of bonds presents arbitrage opportunities. The theory is applied to an empirical example.
Introduction
Active management of bond portfolios (see Fong (1997) ) exploits predictability of changes in interest rates. The existing theories of bond portfolio management (Heaney & Cheng (1984) ) largely replicate the models of stock portfolio optimization and neglect the special structure of the bond returns covariance matrix. The problem of optimal bond allocation, however, differs from the problem of optimal stock allocation because bonds unlike stocks have a natural measure of similarity: time to maturity. The bonds with similar times to maturity have highly correlated returns, which suggests a natural parameterization for the covariance matrix of bond returns. This parameterization does not exist in the case of stocks.
The difference goes even deeper. If the covariance matrix is singular as in most factor models of stock returns then almost any deviation from the rational prices leads to infinite weights in the optimal portfolio. These weights are kept finite only by the noise part in the asset returns, which leads to a paradoxical result that the optimal portfolio allocation is determined by noise in prices.
In contrast, if the covariance matrix is non-singular as in infinite factor models of bond returns then the question about the structure of the optimal portfolio becomes more sensible. In this case the optimal portfolio is determined by internal properties of the return, not by noise. The key to finding the optimal allocation is in inverting a large highly structured covariance matrix, the problem that is tackled by the theory of Toeplitz matrices. We are going to use only the most basic results from this theory: a criterion of invertibility and Wiener-Hopf technique of finding an inverse of a given Toeplitz operator.
We will explain how to write the optimal portfolio and investment criterion in terms of the symbol of a Toeplitz operator and what the absence of arbitrage means in this context. The theory will then be illustrated by an application to data.
The problem
Consider an investor who can invest in bonds of varying duration and wants to maximize a linear combination of the expected return and variance of his portfolio. We assume that the set of the bonds is countable but possibly infinite, and that the conditional expectations and variances of the bonds' returns are known. We also assume that the correlations between the bonds' returns have the following parametric form:
where t 1 and t 2 are times to maturity. Intuitively, this means that the bond with similar maturities are more likely to have similar returns, and that this effect depends only on the difference in times to maturity.
Models of bond returns of similar nature were developed in recent studies (see Kennedy (1994) , Kennedy (1997) , Goldstein (2000) , Santa-Clara & Sornette (2001) ) and they are frequently referred to as "random field" or "stochastic string" theories of interest rates. They generalize Heath-Jarrow-Morton model of interest rates to the infinite number of factors.
For convenience, let us normalize the bonds so that the variances of their instantaneous returns are equal to 1. Let the investment in these normalized bonds be denoted as x t , where t is time to maturity. Assume the investment objective has the following form
where E is the vector of the expected excess returns and Σ is the covariance matrix of the normalized bonds. The parameter θ measures risk sensitivity of the investor: The larger is θ, the smaller is risk aversion. Assume also that the investor is not constrained in borrowing. Then the first order condition gives the following optimal portfolio:
which brings the utility
Toeplitz Covariance Matrices
In this section we explain definition and main properties of Toeplitz operators as they apply to large covariance matrices. Assume that bond maturities are equally spaced with the interval ∆t. Thus the covariance matrix has the following structure:
where a i = f (i ∆t). The covariance matrix is symmetric: a i = a −i . An infinite matrix that has constant numbers on its diagonals is called Toeplitz (see Lax (2002) and references therein). Let me explain Wiener-Hopf method of the inversion of a given Toeplitz matrix.
The main idea is to represent operator Σ as an operator on a Hilbert space. First, let me give several definitions. Let L 2 be a space of the square integrable functions on the unit circle. Such functions can be represented as Fourier series:
consists of all functions with non-negative Fourier coefficients. A subspace H − is defined similarly. A natural operator is the operator of projection P + from L 2 on H + . This operator sets all negative coefficients in Fourier series to zero. Another natural operator is the operator of multiplication by a continuous function.
An important fact is that any bounded Teoplitz operator Σ can be represented as an operator on H + . Namely, it is the composition of multiplication by a function and projection on H + :
The function a(z) = ∞ −∞ a i z i is called symbol of the operator. If the symbol does not have zeros on the unit circle then the winding number of the symbol is well defined, that is, the number of loops that a(exp[iθ]) makes around 0. In this case, a Toeplitz operator is invertible if and only if its symbol has zero winding number. If the winding number is not defined but the symbol a(z) is real we can use a theorem by Hartman-Wintner-Widom (Hartman & Wintner (1954) , Widom (1960) ) that asserts that the spectrum of a unitary Toeplitz operator is given by the interval [ess inf |z|=1 a(z), ess sup |z|=1 a(z)]. The operator is invertible only if 0 does not belong to this interval.
If a Toeplitz operator is invertible then its constructive inversion is performed by Wiener-Hopf factorization, which is computed as follows. Since the winding number of a(z) is zero, its logarithm ln[a(z)] is a single-valued function and can represented as follows:
where
and Winer-Hopf factorization theorem claims that
Example 1. Consider the following covariance matrix.
The symbol of the operator is
Symbol (9) has zero winding number, therefore, operator (8) is invertible. Applying Winer-Hopf factorization gives
An easy calculation shows that the matrix form of this operator is
Example 2 Consider now the following covariance matrix.
Then the symbol of this operator can be represented as
where b is defined from b/(1 + b 2 ) = α. The operator is invertible if and only if α < 1/2, and Winer-Hopf decomposition is
The inverse operator is
which can be represented by the following complicated matrix form:
4 Solution of the problem
are two series that represent investment shares and expected bond returns, respectively. Then the following theorem holds.
Theorem 1 Let the bond covariance matrix is invertible Toepitz operator with symbol a(z) that has Winer-Hopf factorization s + (z)s − (z). Then the optimal allocation can be computed as
and this allocation will bring utility
Proof. The first part is a direct consequence of Winer-Hopf factorization theorem and equation (2), and the second part follows from the first one, equation (3) and Cauchy integral formula.
The absense of arbitrage opportunities means that
where C is a constant determined by transaction costs and r 0 is the return on safe asset, that is, short rate. Note that this condition is different from HeathMorton-Jarrow condition that relates expected return and covariance matrix of bond returns. Condition (19) was derived from a maximization by a risk averse investor while HJM condition follows from the risk-neutral valuation. In the infinite-factor models with discrete number of bonds none of the bonds can be perfectly hedged by other bonds. This implies that the risk-neutral valuation is not equivalent to risk-averse valuation.
In the special case of risk-neutrality, the parameter θ goes to infinity and the only way to satisfy Condition (19) is to set the integral to zero:
This condition is the analogue of HJM no-arbitrage condition for the discrete set of bonds.
Example 1
The form of the inverted operator derived in example 1 above has strong implication for portfolio optimization. In particular, if the expected return has a spike for a certain bond then it will change the optimal portfolio shares for this bond and its two local neighbors but it will not have any effect for distant bonds. Also, for small values of the correlation parameter α the hedge ratio 2α/(1 + α 2 ) is small while for values of α that are close to 1, the hedge ratio goes to 1.
It is also easy to compute that if only bond with maturity k ∆t has an excess return E k different from zero then the optimal portfolio has the utility
The effect of an impulse shock in the expectation of a bond's return is quite different here from the previous example. The optimal portfolio includes a combinations of bonds some of which are in short position and some of which are in long position. The evaluation of integral in (18) gives optimal utility
In particular, shocks in expected return of the bonds with longer time to maturity brings lower returns in this example. The reason is that such bonds are more difficult to hedge under this correlation structure.
Computational issues
How can we efficiently compute Wiener-Hopf factorization? Let
and assume that f (z) is analytic in the neighborhood of the unit circle. Taking just several terms in expansion (22) can be misleading as the comparison of Example 2 to Example 1 shows. A more appropriate method is to approximate symbol by a ratio of polynomials using Pade-Laurent approximations (see Baker & Graves-Morris (1996) for general theory and Abrahams (2000) for an application to Wiener-Hopf factorization). A Pade approximation of order [M/N] to a function f is a ratio of polynomials of order M and N respectively that has a series expansion that coincides to the order M+N with a series expansion for f . More precisely, we are looking for such polynomials P M and Q N that
where the series is convergent in a neighborhood of the unit circle, and that
For convenience we can also normalize Q N (0) = 1. The symbol then can be approximated as
This approximation is called Pade-Laurent because it approximates Laurent series for a(z).
Multiplying Equation (23) by Q N (z) and using Condition (24), we get the following linear system for the coefficients of Q N (z) :
After q i 's are computed, the coefficients of P M (z) can be obtained as follows:
Equations (25) and (26) are called Pade equations. When Pade approximations are computed, the Winer-Hopf factorization is easy. Suppose that the symbol is approximated with a ratio of polynomials:
Let θ 
.
Empirical application Data
We use Treasury interest rates data by J. Huston McCulloch that represent the 67 months from 8/1985 to 2/1991. These data give the zero-coupon yield curve implicit in coupon bond prices. We smoothly interpolate the yield curve using cubic splines. From these data we compute the returns on holding a particular bond for one month. Namely,
(1 + y s+1,t−1
where y s,t is the yield at time s of the bond with t months to maturity. Estimate of correlation matrix First, we estimate empirical correlation matrix for each pair of times to maturity: Corr(r s,t1 , r s,t2 ) = 1 #s s (r s,t1 − r s,t1 )(r s,t2 − r s,t2 ),
where r s,t are returns normalized by their standard deviation. After that, we impose the restriction that correlations depends only on the difference in times to maturity and estimate these correlations:
After that, we find a suitable Pade approximation to the symbol a(z) = 1 + f (z) + f (z −1 ). One of these approximations is shown in Table 1 and Figure 1 compares the correlations predicted by the Pade approximation and the actual f t 's. Unfortunately, attempts to increase the degree of approximation lead to instability in coefficients and divergent series for approximants. Table 1 shows Winer-Hopf factors and Figure 2 shows the hedging ratios. As we can see, the optimal hedge involves at least 4 neighboring bonds, some of which are in long and some in short position.
Conclusion
The theory of Toeplitz operators can be successfully used to model covariance matrices of bonds. The methods of this theory are suitable to the study of optimal bond portfolios. The numerical computation of the inverse of Toeplitz operators can be done by using Pade-Laurent approximations.
